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Einstein’s theory of gravitation can be viewed as a constrained Hamiltonian system [1].
The constraints are “first class”, which indicates they generate “gauge transformations”
on the phase space. In such systems it is important to separate cleanly the “pure gauge”
content of the phase space from the “gauge invariant” information. In general relativity
this leads, respectively, to the problem of time and the problem of observables. Progress on
these problems represents an improvement in our understanding of the classical dynamics
of the gravitational field, but these problems are particularly relevant to the construction
of a quantum theory of gravity. The problem of time has been reviewed quite nicely by
Kucharˇ [2]. The problem of observables has been extensively discussed in the literature,
but it is hard to improve on the presentation due to Bergmann [3]. Both of these problems
have been studied from a variety of viewpoints, but rigorous results have been obtained
primarily in the context of simplified model systems. Here we give a couple of results on
these problems in the context of the full vacuum theory.
The spacetime manifold M is assumed to have the topology M = R × Σ, where Σ is a
compact 3-manifold. We will consider the phase space Γ for gravitational dynamics to be
a cotangent bundle over the space of Riemannian metrics on Σ. Dynamics takes place on
the constraint surface Γ defined by the Hamiltonian and momentum constraints H = 0 and
Ha = 0.
Our first result deals with the problem of time; specifically, we examine a proposal
of Kucharˇ to solve the problem of time by identifying Γ with the phase space of some
“parametrized field theory” [2], [4]. The idea is to isolate four fields Xα from Γ that
can, at least on Γ, be viewed as representing a spacelike embedding Xα: Σ → M . The
constraints H = 0 = Ha are then interpreted as conditions that identify the momenta
Pα conjugate to the embedding with the energy-momentum densities of the remaining
dynamical degrees of freedom. In order to investigate the viability of this scheme, we
compare the constraint surface of a generic parametrized theory with Γ. To this end, let
T ∗E denote a cotangent bundle over the space of embeddings Xα: Σ→M , and let Ω denote
an infinite dimensional symplectic manifold. The phase space Ω is to represent the “true
degrees of freedom” of the gravitational field; points of Ω will be labeled ZA. The phase
space Υ for a generic parametrized field theory is given by Υ = T ∗E × Ω. Dynamics takes
place on the constraint surface Υ, which is defined as follows. Let hα denote four densities
constructed from the embeddings Xα and dynamical variables ZA. Υ is then the subspace
of Υ for which Pα + hα = 0.
To implement the proposal of Kucharˇ we must find a canonical transformation (sym-
plectic diffeomorphism) Φ:Υ → Γ such that Φ(Υ) = Γ. However, no such diffeomorphism
exists [5]. The proof of this result rests on the fact that Υ is a manifold, which can be seen
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by applying the implicit function theorem. On the other hand, provided the topology of Σ
does not prohibit the existence of vacuum spacetimes with Killing vectors, the constraint
surface Γ is not a manifold [6]. Hence there can be no bijection identifying Υ and Γ. The
essence of the difficulty with making this identification is that, in a spacetime with an
isometry, it is impossible to distinguish embeddings that differ by an action of the isometry
using only the intrinsic and extrinsic geometry of the embedded hypersurface. There are
probably ways to mitigate this difficulty but, strictly speaking, general relativity is not a
parametrized field theory.
Our second result concerns the existence of gravitational observables that can be ex-
pressed as spatial integrals of densities which are built locally from the canonical variables
and their derivatives to any order. Recall that the constraint functions (H,Ha), being “first
class”, generate 1-parameter families of canonical transformations that leave Γ invariant.
An observable is defined as a function F : Γ → R whose restriction to Γ is invariant under
the flow generated by the constraints. What this means in practice is that one looks for
functions on Γ whose Poisson brackets with H and Ha vanish on Γ. Any observable that
vanishes on the constraint surface is called trivial. Any two observables that differ by a
trivial observable will carry the same physical information, therefore we identify any two
observables if their difference vanishes on Γ. Next, recall that there are an infinite number
of Hamiltonians that generate vacuum spacetimes from initial data on Γ, but they are all
linear combinations of the constraint functions. More precisely, the Einstein Hamiltonian
H is of the form H =
∫
Σ
(NH +NaHa), where N is a (positive) function on Σ, and Na is a
vector field on Σ. We then see that the observables, as defined above, are constants of the
motion. The problem of observables amounts to finding enough constants of the motion
to uniquely specify any vacuum spacetime (up to diffeomorphisms). Unfortunately, not a
single observable is known. Indeed, aside from the work of Kucharˇ [7], very little is known
about the form such observables can take.
Let (qab, pab) ∈ Γ, i.e., qab is a Riemannian metric on Σ and pab is a symmetric tensor
density on Σ. We will classify all local observables, which are defined to be constants of
motion that can be expressed as integrals on Σ of densities built locally from the phase
space variables (qab, pab) and their derivatives to any order. For example, the Hamiltonian
H is a local observable albeit a trivial one, i.e., it is equivalent to zero. Observables generate
1-parameter families of canonical transformations that preserve Γ. Infinitesimally, the local
observables generate transformations of Γ that are built locally from the canonical variables
and their derivatives. It is not too hard to see that, in spacetime language, the existence
of a local observable corresponds to the existence of an infinitesimal transformation of
the spacetime metric that (i) is built locally from the spacetime metric and its derivatives,
(ii) maps a solution of the Einstein equations to a nearby solution. Such transformations
are called “generalized symmetries” by applied mathematicians. Recently all generalized
symmetries of the vacuum Einstein equations have been classified [9]. They consist of a
trivial scaling symmetry and the familiar diffeomorphism symmetry. The former cannot
be implemented as a symplectic map of Γ, while the latter is generated by the constraint
functions themselves. Because there are no other symmetries, there can be no observables
(save the trivial constraints) built as local functionals of the canonical variables [10].
To summarize, we have ruled out the simplest putative resolutions of the problems of
time and observables. We cannot use parametrized field theory to solve the problem of
time because, strictly speaking, general relativity is not a parametrized field theory. And
we have seen that there are essentially no local observables for vacuum spacetimes.
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